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Spin- and valley-dependent Goos-Ha¨nchen effect in silicene and gapped graphene
structures
E.S. Azarova and G.M. Maksimova∗
Department of Theoretical Physics, University of Nizhny Novgorod,
23 Gagarin Avenue, 603950 Nizhny Novgorod, Russian Federation
We investigate the Goos-Ha¨nchen shift for ballistic electrons (i) reflected from a step-like inhomo-
geneity of the potential energy and (or) effective mass, and (ii) transmitted through a ferromagnetic
barrier region in monolayer silicene or gapped graphene. For the electrons reflected from a single
interface we found that the Goos-Ha¨nchen shift is valley-polarized for gapped graphene structure,
and valley- and spin-polarized for silicene due to the spin-valley coupling. Incontrast, for example,
to gapless graphene the lateral beam shift in gapped structures occurs not only in the case of total,
but also of partial, reflection, i.e. at the angles smaller than the critical angle of total reflection.
We have also demonstrated that the valley- and spin-polarized displacement of the electron beam,
transmitted through a ferromagnetic silicene barrier, resonantly depends on the barrier width. The
resonant values of the displacement can be controlled by adjusting the electric potential, the ex-
ternal perpendicular electric field, and the exchange field induced by an insulating ferromagnetic
substrate.
INTRODUCTION
It is well-known that a light beam incident on an in-
terface of two dielectric media undergoes a lateral dis-
placement under the condition of total internal reflec-
tion. This phenomenon was first observed in the exper-
iment by Goos and Ha¨nchen [1], and named the Goos-
Ha¨nchen (GH) shift. Theoretical explanation of the effect
was given by Artmann who used the stationary phase
method [2]. During the last decades, analogies of the
spatial GH shift have been widely studied in acoustics,
electronics, atomic optics, and particle physics. Inter-
est in this phenomenon does not weaken up to now [3–
13]. In particular, many works have been devoted to the
electronic analog of the GH effect in semiconductor and
graphene-based nanostructures with like-Dirac Hamilto-
nian (see Ref. [14] and references therein for review). The
characteristic value of the GH displacement for Dirac
electrons at a total reflection is of the order of a Fermi
wavelength λF . Therefore, detecting the displacement is
not a simple problem. However, as has been shown, the
lateral shift for the electron beam tunneling through a
single barrier structure can be enhanced by the transmis-
sion resonances when the incidence angle is less than the
critical angle of total reflection [12, 15, 16]. Even greater
effect arises in double-barrier structures (DBS). The GH
effect of Dirac fermions in graphene DBSs was investi-
gated by Song et al. [13]. The authors found that at cer-
tain parameters the magnitude of the shift for transmit-
ted electron beam increases dramatically and can reach
values of the order of 1000 λF which are much greater
than the maximum magnitude in the corresponding sin-
gle barrier structure [16]. It is remarkable that such gi-
ant GH shifts occur within the transmission gap and, as
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the authors suggest, their appearance is due to the qua-
sibound states in the DBS. Such states are formed by
the evanescent waves in the barriers. Indeed, as shown
in Ref. [13], significant difference in the phase shifts be-
tween the central and adjacent plane waves in the wave
packets arises when the parameters of central plane wave
correspond to the quasibound state. The ability of a
control of the GH shift by electric and magnetic bar-
riers or by strain-induced pseudo-magnetic fields can be
used for design variety of devices such as spin beam split-
ter [12, 17, 18] or valley beam splitter in graphene [19–
21]. However, the use of graphene in various device ap-
plications strikes on a strong restriction consisting in a
lack of the energy gap in the electronic spectrum. This
problem does not arise for some other promising two-
dimensional materials, such as h-BN, dichalcogenides of
transition metals, silicene and germanene having a hon-
eycomb structure in xy-plane similarly to graphene. Sil-
icene has been predicted by Takeda and Shiraishi [22]
and investigated in detail in Ref. [23]. There are two
significant distinctions between silicene and graphene.
First, it is a strong spin-orbit coupling (SOC) resulting
in a band gap ∆so in silicene spectrum, which is about
1.55− 7.9 meV [24, 25]. Second, this is a buckled struc-
ture with two different sublattice planes separated by the
distance 2l ≈ 0.046 nm. This, in turn, makes it possi-
ble to control the energy gap in silicene by applying an
external perpendicular electric field [26–29]. Germanene
has similar properties.
In this paper we investigate the GH shift for Dirac
fermions in silicene both at the total reflection and trans-
mission through a barrier in the presence of inhomoge-
neous electric field, tunable potential V and exchange
field h. The results also can be applied to graphene struc-
tures, including the gapped graphene modification.
The effective low-energy Hamiltonian in silicene for
Dirac electrons with spin s (s = ±1) in the vicinity of
2the K (η = 1) and K ′ (η = −1) points is
Hˆ = h¯υF (kxτx−ηkyτy)+∆(x)τz+V (x)I−h(x)sI. (1)
Here υF ≈ 0.5 × 106 m/s is the Fermi velocity, τx,y,z
are the Pauli matrices in the sublattice space, I is the
identity matrix, V (x) is the barrier potential induced by
the gate voltage. The second term in Eq. (1), ∆(x) =
elEz(x)− ηsλso depending on the valley index and spin,
describes the bandgap caused by the intrinsic SOC with
strength λso ≈ 3.9 meV which is controlled by the ex-
ternal perpendicular electric field Ez(x). The parame-
ter 2l ≈ 0.046 nm. For germanene λso ≈ 43 meV and
2l ≈ 0.066 nm [25]. The exchange field h(x) is assumed
to be originated from the insulating ferromagnetic sub-
strate. In particular, it has been analyzed theoretically if
ferromagnetic insulator EuO is capable of creating spin
splitting in graphene of the order of 5 meV [30]. In
Ref. [31] Yang et al. reported on the first-principles cal-
culations of magnetic properties in graphene caused by
the interaction of graphene with nearby europium ox-
ide. Specifically, they found that large exchange-splitting
band gap of about 30 meV appears in the Dirac point.
The influence of exchange field on spin and valley trans-
port through arrays of silicene barriers has been stud-
ied in several works [32–36]. Note, that in contrast to
Refs [33, 37] we consider exchange fields which are the
same for both sublattices. In the calculations we use the
value h = 3 meV.
I. GOOS-HA¨NCHEN SHIFT FOR THE
ELECTRON BEAM REFLECTED FROM A
SINGLE INTERFACE
Suppose that the sample is non-ferromagnetic, i.e. h=
0 everywhere. The wave functions in the two different
regions I (at x < 0) and II (at x > 0) can be written
in terms of incident, reflected and evanescent waves with
the incidence angle θ. In the region I, where V (x) = 0
and ∆(x) = ∆1 = elEz1 − ηsλso, we have
ψI(x, y)=e
ikxx+ikyy
(
1
Ceiαin
)
+re−ikxx+ikyy
(
1
Ceiαr
)
, (2)
where kx = k cos θ, ky = k sin θ are the components of
the electron wave vector with k=
√
E2 −∆21, αin=−ηθ,
αr = ηθ + pi, C =
√
(E −∆1)/(E +∆1) and r is the re-
flection amplitude. When the angle θ exceeds the critical
angle for total reflection
θc = arcsin
√
(E − V )2 −∆22
E2 −∆21
, (3)
the evanescent solution in the second region (in which
V (x)=V and ∆(x)= ∆2 =elEz2−ηsλso) can be written
as
ψII(x, y) = te
−κx+ikyy
(
1
i(κ−ηky)
E−V+∆2
)
, (4)
where κ =
√
k2y +∆
2
2 − (E − V )2, and t is the transmis-
sion amplitude. Hereafter E, V and ∆1,2 are “measured”
in units of h¯υF . Matching the wave functions at the in-
terface x = 0, we obtain the coefficients t and r, where
r = e−iψ,
ψ = 2 tan−1
(
ηky(E−V+∆2) +(κ− ηky) (E+∆1)
kx(E−V+∆2)
)
.
(5)
To find the GH shift we use the stationary phase method
discussed in detail with regard to graphene in a number
of works (see, e.g., Refs [11, 13, 14, 16]). However, due
to the presence of the gap, the expression for the GH dis-
placement of the reflected beam is not equivalent to the
one obtained earlier for a gapless graphene. Assume that
the wave functions of the incident and reflected beams
have the form
ψin(x, y)=
∫ ∞
−∞
f(ky−ky0)eikxx+ikyy
(
1
Ceiαin
)
dky, (6)
ψr(x, y)=
∫ ∞
−∞
rf(ky−ky0)e−ikxx+ikyy
(
1
Ceiαr
)
dky, (7)
where the quantities C, αin, αr and r are defined by
Eqs (2) and (5), and f(ky−ky0) is the angular spectrum
distribution assumed to be of Gaussian shape around the
central wave vector ky0. For a well-collimated beam the
position of the maximum of the upper or lower compo-
nent of the wave function is determined by the require-
ment that the phase of this component be extremal as
a function of ky at ky = ky0. Thus, at the interface
x = 0 the location of the upper (y+) and lower (y−)
components of the incident wave function are: y+in = 0,
y−in = −∂αin/∂ky0. Similarly, for the reflected wave
packet: y+r = ∂ψ/∂ky0 and y
−
r = ∂(ψ − αr)/∂ky0, where
(−ψ) is the phase of the reflection amplitude (Eq. (5)).
The shifts of the upper and lower components, respec-
tively, are given by
σ+ = y+r − y+in =
∂ψ
∂ky0
,
σ− = y−r − y−in =
∂
∂ky0
(ψ + αin − αr) .
(8)
The average GH displacement σr is determined by
both components. However, unlike a gapless graphene,
their contributions to the wave packet are differ-
ent: 1/
(
1 + |C|2) for the upper component, and
|C|2/ (1 + |C|2) for the lower one. Therefore, the expres-
sion for the GH shift in silicene (or gapped graphene) is
determined by the formula:
σr =
σ+ + |C|2σ−
1 + |C|2 . (9)
For gapless graphene |C| = 1 and σr = (σ+ + σ−) /2 [11].
After straightforward calculations we obtain the GH shift
in total reflection (9) in the following form:
3FIG. 1: The angular dependence of the GH shift in graphene for electrons belonging to K-valley (η = 1, thick line) and
K′-valley (η = −1, thin line) et (a) E = 100 meV, V = 80 meV, ∆1 = ∆2 = 26.5 meV, and (b) E = 150 meV, V = 80 meV,
∆1 = 26.5 meV, ∆2 = 0.
σr(E, ky0) =
−ηκ(E−∆1)
[
V F (E+∆1)+k
2
y0Φ
]
+k3y0(E−∆1)Φ+ky0F
[
(E2−∆21)(V+∆2)+∆1(∆22−(E−V )2)
]
Eκkx
[
F (E∆2−E∆1+V∆1) +
(
k2y0−ηκky0
)
Φ
] , (10)
where F = E − V +∆2, Φ = V +∆1 −∆2, ∆1 and ∆2
for given values of the electric field Ez1,2 in both half-
spaces depend on the product of spin and valley indices.
The values of κ and kx are taken at ky = ky0. At appro-
priate choice of parameters the resulting expression (10)
can be used for graphene. In the latter case ∆ is the
onsite potential difference between A and B sublattices,
which does not depend on valley and spin indices, so that
the GH displacements of the electrons belonging to the
valleys K and K ′ satisfy the simple relation
σK
′
r (E, ky0) = −σKr (E,−ky0) . (11)
In particular, when ∆ = 0 everywhere, we get the results
of Ref. [11] for gapless graphene. Fig. 1(a) illustrates
the dependence of the GH shift for gapped graphene at
∆1 = ∆2 = ∆. Here, the parameters are chosen so that
the condition for total internal reflection is satisfied at all
angles θ0. For normal incidence, the displacement of elec-
trons belonging to K and K ′ valleys differs only in sign:
σr(θ0 = 0) = −η
√
E2 −∆2/(E∆). As the angle of inci-
dence increases, this difference reduces, in fact, to zero.
Our consideration shows that the existence of the gap
in the graphene spectrum results in the valley-dependent
GH effect. It is not so if the wave packet is reflected from
the boundary of the p-n junction in gapless graphene [11]
or from the sharp heterojunction separating the gapless
(∆1 = 0) and gapped (∆2 6= 0, V = 0) graphene frac-
tions. In the latter case, the GH shifts defined by the
simple expression
σr(E, θ0) =
h¯υF tan θ0√
∆22 − E2 cos2 θ0
. (12)
In addition, we found that in other gapped structures the
lateral beam shift takes place not only in the case of total
but also at partial reflection (when θ0 < θc) and has the
form:
σr(E, θ0) = −η
V (E2 −∆21)(E∆2 + V∆1 − E∆1) + k2y∆1
(
(∆2 −∆1)2 − V 2
)
Ekx
[
(E∆2 + V∆1 − E∆1)2 − k2y ((∆2 −∆1)2 − V 2)
] . (13)
Figure 1(b) shows the angular dependence of the GH
shifts for the valley-polarized electron beams reflected
from the interface of gapped (∆1 = 26.5 meV) and gap-
less (∆2 = 0) graphene regions. Expression (13) de-
scribes this dependence within 0 ≤ θ0 < θc ≈ pi/6. At
θ0 > θc, the displacements are computed using Eq. (10).
In silicene the picture of the GH shifts σr(E, θ0) be-
comes more complicated due to their dependence not
only on the valley index but also on the spin direction
(Fig. 2). Therewith, the critical angle (3) depends on
4FIG. 2: The angular dependence of the GH shift in silicene for electrons belonging to K-valley (thick line) and K′-valley (thin
line) with spin projections “up” (blue solid lines) and “down” (red dashed lines) at λso = 3.9 meV, V = 11.7 meV, elEz1 = 0,
elEz2 = 1.8λso for the energies E = 7.3 meV (a) and E = 25 meV (b).
the product of the spin (s) and valley (η) indices. Thus,
there are two critical angles θc corresponding to ηs = ±1
(Fig. 2(b)). In particular, for a certain value of the prod-
uct ηs, we can so choose the parameters of the structure
that the condition of total internal reflection will be sat-
isfied at all angles θ0. Fig. 2(b) illustrates such a case for
ηs = −1.
When reflecting from a single interface, the value of the
lateral displacement (which can be positive or negative)
is of the order of several Fermi wavelengths. However,
in order to detect the valley-dependent (or spin-valley-
dependent) GH shift, the difference of the displacements
for K and K ′ valleys should be greater than the lon-
gitudinal width of the initial electron beam, which is
about 100− 1000 Fermi wavelengths [13]. A stronger ef-
fect, i.e. significant increase of the shift magnitude, can
be achieved for the electronic beam passing through the
single- or double-barrier structures [13, 16].
II. GOOS-HA¨NCHEN-LIKE SHIFT FOR DIRAC
FERMIONS TRANSMITTED THROUGH A
SINGLE BARRIER
The lateral displacement of electron beams tunneling
through a ferromagnetic barrier structure formed by an
electrostatic potential V and exchange field h in silicene
(or graphene) sheet is defined by the transmission ampli-
tude t of the plane-wave solution of the Dirac equation
ψt(x, y) = te
ikx(x−d)+ikyy
(
1
Ceiαin
)
. (14)
Here t = |t|e−iϕ can be found from the relation [38]
1
t
= cosβ + i
E(V − sh) + ∆1∆2 − E2 + k2y
kxqx
sinβ, (15)
where qx =
√
(E − V + sh)2 −∆22 − k2y and kx =√
E2 −∆21 − k2y are the wave vectors inside and outside
the barrier, respectively, β = qxd, and d is the width of
the potential barrier. The gap parameters ∆1 and ∆2 are
defined by the values of the electric field Ez1 and Ez2 in
the corresponding regions (in silicene). In the case where
the incident beam is well collimated around some trans-
verse wave vector ky0, the GH shift for the transmitted
beam is σt(E, ky0) = dϕ/dky0 [13, 16]. When the inci-
dence angle θ0 is less than the critical angle θc for the
total reflection (Eq. (3)), we obtain from Eq. (15):
σt(E, ky0) = ky0
f (E, ky0)
[
−kxd(1 + tan2 β) + k
2
x+q
2
x
kxqx
tanβ
]
+ 2 tanβ
kxqx
(
1 + f2(E, ky0) tan
2 β
) , (16)
where wave vectors kx, qx are taken at ky = ky0, and
f(E, ky) =
E(V − sh− E) + ∆1∆2 + k2y
kxqx
. (17)
Note, that angles of incidence exceeding the criti-
cal value θc, the lateral shift can be obtained from
these equations by replacing qx → iκ, where κ =√
k2y +∆
2
2 − (E − V − hs)2.
5FIG. 3: GH shifts in transmission through non-ferromagnetic
barrier in silicene as a function of the barrier width d at
ηs = −1, E = 40 meV, V = 7.46 meV, elEz1 = 0 and
θ0 = 50
◦. Solid (green), dashed (purple), and dotted (black)
lines correspond to elEz2 = 1.8λso, 1.7λso and 1.5λso, re-
spectively. Insert: the same as in the main figure, but for
the spin-valley polarization ηs = 1.
As follows from equations (16), (17) the GH shift for
the electrons, transmitted through the non-ferromagnetic
barrier in graphene is the same for both valleys and both
values of spin. In the absence of perpendicular electric
field this result takes place also for silicene. However,
applied electric field leads to a GH shift, depending on
the spin-valley index ηs (Fig. 3). In the case of prop-
agating beam (i.e. at θ0 < θc) the dependence of the
lateral displacement on the barrier width d has a pro-
nounced resonant character. The resonance widths dn,
at which the barrier is transparent, are determined from
the relations qxd = pin, n = 1, 2, . . . . For such a barrier
structure we immediately find from Eq. (15) the resonant
values of the GH shifts
σnt (E, θ0) = −pinkyf(E, ky)q−2x , (18)
which can be modulated by the potential barrier height
and the induced gaps ∆1 and ∆2. Thus, as follows from
Eq. (18), the increase of the gap ∆1 outside the barrier
suppresses the effect, i.e. leads to a decrease in the mag-
nitude of σt. At the same time, comparison of the curves
in Fig. 3 corresponding to different values of ∆2 shows
that the absolute value of the shift increases with increas-
ing the gap parameter in the barrier which is consistent
with the results of Ref. [16]. Thus, for spin-valley polar-
ization ηs = 1, the electric field in the barrier region re-
duces the effective gap parameter ∆2 and, consequently,
the value of σt approximately by the order of magnitude
compared to its value at ηs = −1 (see insert in Fig. 3).
In Fig. 4 we present (a) the GH shift and (b) trans-
mission probability T = |t|2 (Eq. (15)) as function of the
barrier height at different angles of incidence. We see that
outside the transmission gap the GH shift σt(V ) exhibits
a resonance structure. The resonance values of the poten-
tial are defined as V ±n = E±
√
(pin/d)2 +∆22 + (k sin θ0)
2
with k =
√
E2 −∆21. Thus, for a given n (n = 1, 2 . . . ),
there are two resonances located to the right (V +n ) and
FIG. 4: (a) GH shifts and (b) transmission probability
through non-ferromagnetic barrier in silicene as a function of
the barrier hight V at E = 15 meV, d = 300 nm, elEz1 = 0,
elEz2 = λso and ηs = 1.
left (V −n ) from the transmission gap (Fig. 4(b)), and cor-
responding to the Klein and classical tunneling respec-
tively. Resonant displacement σn±t = σt(V
±
n ) is obtained
from Eq. (18), and has the form
σn±t = −
d3 tan θ0
(pin)2
[
±E
√
(pin/d)2 +∆22 + (k sin θ0)
2 +
∆1∆2 + (k sin θ0)
2
]
. (19)
This expression clearly demonstrates that, (i) the magni-
tude of the displacement decreases rapidly with increas-
ing resonance number n, and (ii) the GH shift is neg-
ative for Klein tunneling. In this case, increase of the
gap value ∆2 results in the increase of the n-th reso-
nance amplitude. Increase of the angle of incidence θ0
leads to the same effect (Fig. 4(a)). Not so obvious, but
can be shown, that in the classical case (E > V ) lat-
eral shifts become positive and, as follows from Eq. (16),
at given n the magnitude of Klein displacement σn+t is
greater than σn−t (Fig. 4(a)). Inside the transmission gap
E−
√
∆22 + (k sin θ0)
2 < V < E+
√
∆22 + (k sin θ0)
2 that
corresponds to the evanescent solutions the GH shift is
of the order of electron wavelength similarly to the case
of the GH effect at a single graphene interface. We also
examined modulation of the GH shift depending on en-
ergy E of the incident beam. Corresponding dependence
σt(E) is similar to the one discussed above but the Klein
and classical zones (and, accordingly, the signs of the GH
shifts) are now interchanged.
6FIG. 5: GH shifts in transmission through a ferromagnetic barrier as a function of the barrier width d: (a) for graphene with
∆1 = ∆2 = 26.5 meV and h = 0 (blue solid line); h = 3 meV, s = 1 (red dashed line); h = 3 meV, s = −1 (black dotted line),
and (b) for silicene with elEz1 = 0, elEz2 = 1.8λso and h = 3 meV: thick and thin solid blue lines correspond to electrons
with spin up belonging to K and K′- valley, respectively. The lateral displacement for spin down polarization is much less (red
dashed line) due to the evanescent character of the waves inside the barrier.
For electrons transmitted through the ferromagnetic
region (h(x) = h at 0 ≤ x ≤ d) the height of the ef-
fective potential barrier Veff = V − sh turns out to be
spin-dependent. This influences the transport properties
of both silicene [32–36] and graphene [30]. In particular,
the GH displacement σt(E, ky0) becomes spin-polarized
for graphene (Fig. 5(a)) and, due to the correlation be-
tween the valley and spin degrees of freedom, spin-and-
valley-polarized for silicene (Fig.5(b)). The GH shifts
obtained above can be positive or negative depending
on the ratio between the electron energy E and barrier
height Veff . Thus, all curves in Fig. 5(a) correspond to
the case of Klein tunneling (E < Veff − ∆2) through a
ferromagnetic barrier region in gapped graphene. In this
case σt(E, ky0) is negative for both spin channels and, as
follows from Eq. (18), the magnitude of the shift in the
n-th resonance increases with decreasing the difference
between Veff−∆2 and E. The GH shifts for classical tun-
neling (E > Veff +∆2) in silicene are shown in Fig. 5(b)
by solid lines for both valleys with s = 1. In this case the
barrier heights for electrons belonging to different valleys
are equivalent, but the magnitudes of the gap inside the
barrier differ: ∆2(K) = 0.8λso, ∆2(K
′) = 2.8λso. Ac-
cordingly, the electrons from the K ′-valley have greater
displacement than the K-polarized electrons. For the pa-
rameters used, electrons with the spin-down projections
in both valleys are described by the evanescent waves in-
side the barrier which leads to the suppression the GH
effect (red dashed line in Fig. 5(b)).
SUMMARY
We have investigated the GH shifts for Dirac fermions
totally reflected from the profile of the potential energy
and effective mass as well as transmitted through a ferro-
magnetic barrier region in silicene and gapped graphene.
We have shown that the presence of the gap in the
graphene spectrum results in the valley-dependent GH
effect in total reflection. In silicene the lateral displace-
ment of the reflected beam also depends on the spin di-
rection due to the coupling between valley and spin de-
grees of freedom. It was also found that in gapped struc-
tures the lateral beam shift occurs not only in the case
of total, but also in partial reflection (Eq. (13)). For the
electrons, transmitted through the barrier region the GH
shift can be enhanced by the transmission resonances.
The resonant values of the displacement depend on the
incidence angle and the electron energy as well as on the
structure characteristics such as the barrier height and
gap. In particular, our results show that the GH shift
increases (decreases) with increasing the gap inside (out-
side) the barrier. We have also demonstrated that for a
normal/ferromagnetic/normal silicene junction the GH
shift is valley- and spin-polarized. The obtained results
can also be applicable to other two-dimensional hexago-
nal crystals, such as germanene or monolayers of MoS2
and other group VI dichalcogenides, which have two in-
equivalent valleys and two inequivalent lattices.
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